This paper is devoted to the uniqueness in inverse acoustic scattering problems for the Helmholtz equation with phaseless far-field data. Some novel techniques are developed to overcome the difficulty of translation invariance induced by a single incident plane wave. In this paper, based on adding a reference ball as an extra artificial impenetrable obstacle (resp. penetrable homogeneous medium) to the inverse obstacle (resp. medium) scattering system and then using superpositions of a fixed plane wave and some point sources as the incident waves, we rigorously prove that the location and shape of the obstacle as well as its boundary condition or the refractive index can be uniquely determined by the modulus of far-field patterns. The reference ball technique in conjunction with the superposition of incident waves brings in several salient benefits. First, the framework of our theoretical analysis can be applied to both the inverse obstacle and medium scattering problems. Second, for inverse obstacle scattering, the underlying boundary condition could be of a general type and be uniquely determined. Finally, only a single frequency is needed.
Introduction
The inverse scattering problems with the knowledge of the far-field pattern is of great importance in many areas of sciences and technology such as nondestructive testing, radar and sonar, and medical imaging (see, e.g., [7] ). However, in a variety of realistic applications, the measurements of the full data (both the intensity and phase) cannot be obtained, but instead only intensity information of the far-field pattern might be available. This leads to the study of inverse scattering problems with phaseless far-field data. This paper will be focused on the uniqueness in phaseless inverse acoustic scattering problems.
The main difficulty in showing the uniqueness roots in the translation invariance, i. e., the modulus of the far field pattern is invariant under translations [16, 21] . Moreover, as pointed out in [16] , this difficulty cannot be overcome by using finitely many incident waves with different wave numbers or different incident directions. Under the condition that the scatterer is a small sound-soft ball, Liu and Zhang [22] proved that it can be uniquely determined by the modulus of the far-field datum measured at a fixed observation corresponding to a single incident plane wave. For the shape reconstruction of impenetrable obstacles, a number of numerical methods have been proposed in the literature, see, e.g., the Newton method [16] , the nonlinear integral equation method [8, 9, 10] , the fundamental solution method [11] , the hybrid method [17] and the reverse time migration method [4] . We also refer to [1, 2, 18, 19, 14, 25] for the reconstruction of the shape of a polyhedral obstacle, a convex sound-soft scatterer, a periodic grating profile and multi-scale sound-soft rough surfaces from phaseless far-field or near-field data.
There have been some investigations in the literature to break the translation invariance and determine the location of obstacles. In [26] , the superpositions of two plane waves with different incident directions were used as the incident fields and a recursive Newton-type iteration method in frequencies was proposed. Further, they developed this method to recover locally rough surfaces with phaseless far-field data in [27] . Recently, based on the method of superposition of two incident plane waves, they have proved in [28] that the obstacle and the refractive index of an inhomogeneous medium can be uniquely determined by the phaseless far-field patterns under the condition that the obstacle is sound-soft or non-absorbing impedance and the refractive index is real-valued with a positive lower bound or a negative upper bound. For inverse medium scattering problems, the translation invariance relation also holds, and we refer to [12, 13, 15] for the relevant uniqueness results.
In this paper, some novel techniques are developed to get rid of the translation invariance in phaseless inverse scattering so that the uniqueness is obtainable. The rationale behind our methodology consists of two main ingredients: the incorporation of a reference ball and superposition of different types of incident waves. Motivated by the calibrating ball technique in [5, 6] and the reference ball technique in [20] for the linear sampling method and the method of superposition of two plane waves as incident waves [26, 28] , we first add a sound-soft ball as an extra artificial obstacle to the inverse obstacle scattering system. Then, the superposition of a fixed plane wave and some point sources is utilized as the incident wave, we prove that the obstacle with the boundary condition and the refractive index can be uniquely determined by the modulus of far-field patterns. The reference ball technique, with the aid of superposition of incident waves, brings in several benefits: it can deal with a general boundary condition; it is not required to know the boundary condition, which can be also uniquely determined as the obstacle by the phaseless far-field patterns. Finally, we would like to remark that the reference ball techniques in the literature are mainly used for the numerical purpose of improving the quality of reconstructions, and to our best knowledge, this is the first attempt to introduce this technique to the theoretical justifications of the uniqueness in phaseless inverse scattering.
The rest of this paper is organized as follows. In the next section, we present an introduction to the model problem and the reference ball technique. Section 3 is devoted to the uniqueness results on phaseless inverse obstacle scattering. In Section 4, we present the uniqueness on phaseless inverse medium scattering. Some concluding remarks are given in Section 5.
Problem setting
We begin this section with the precise formulations of the model acoustic scattering problems. Let D ⊂ R
3 be an open and simply connected domain with C 2 boundary ∂D. Denote by ν be the unit outward normal to ∂D and by S 2 := {x ∈ R 3 : |x| = 1} the unit sphere in R 3 . Consider the scattering of a given incoming wave u i (x, d) = e ikx·d by the scatterer D, where d ∈ S 2 and k > 0 are the incident direction and wave number, respectively. The obstacle scattering problem is to find the total field u = u i + u s that satisfies the exterior boundary value problem (see [7] ):
where u s is the scattered field and the Sommerfeld radiation condition (3) holds uniformly with respect to all directionsx = x/|x| ∈ S 2 . The boundary operator B in (2) signifies the following mixed boundary condition
where
The mixed boundary condition (4) is rather general in the sense that it covers the usual Dirichlet/sound-soft boundary condition (Γ I = ∅), the Neumann/sound-hard boundary condition (Γ D = ∅ and λ = 0), and the impedance boundary condition (Γ D = ∅ and λ = 0). The medium scattering problem is to find the total field u = u i + u s that satisfies
where the refractive index n D (x) of the inhomogeneous medium is piecewise continuous with Re(
The direct scattering problems (1)- (3) and (5)- (6) have a unique solution u ∈ H 1 loc (R 3 \D) (see [3, 23] ) and u ∈ H 2 loc (R 3 ) (see [7] ), respectively, and the scattered wave u s admits the asymptotic behavior of the form
The analytic function u ∞ (x) defined on the unit sphere S 2 is called the far field pattern or scattering amplitude (see [7] ). For an illustration of the model scattering problem, we ∞ (x) on the observation directionx, the incident direction d, the obstacle or medium D, and the wave number k. Then, the phaseless inverse scattering problem is stated as follows.
Problem 2.1. Let D be either an impenetrable obstacle or a penetrable inhomogeneous medium. Given phaseless far field data |u
and a fixed k > 0, determine the location and shape ∂D as well as the boundary condition B for the obstacle or the refractive index n D for the medium inclusion.
There is a main difficulty in solving this problem: non-uniqueness, i.e., the location of the scatterer cannot be uniquely determined from the intensityonly far-field data. More specifically, for the shifted domain D h := {x + h : x ∈ D} with a fixed vector h ∈ R 3 , the far field pattern u
As we mentioned, this ambiguity cannot be remedied by using finitely many incident waves with different wave numbers or different incident directions. In the following, we aim to tackle the translation invariance by adding a reference ball and utilizing the superposition of incident waves. To this end, we first introduce a reference ball B as an extra artificial object to the scattering system such that D ∩B = ∅. For the obstacle scattering problem, the ref-erence ball is sound-soft, while for the medium scattering problem, the reference ball is a homogeneous medium B = B(x 0 , R) := {x ∈ R 3 : |x−x 0 | < R} with refractive index n 2 0 such that
where n 0 = 1 is a positive constant. The refractive index of the medium scattering system is defined by
Assume that P is a simply-connected convex polyhedron such that P ⊂ R 3 \(D ∪ B) and k 2 is not a Dirichlet eigenvalue of −∆ in P . We remark that this configuration of P can be achieved, for example, in the case that P is contained in a ball whose radius is less than π/k. The boundary of P is composed of finitely many 2D polygons Π ℓ , ℓ = 1, · · · , N, namely, Π := ∂P = ∪ N ℓ=1 Π ℓ . Then let us consider the superposition of a plane wave u i and a point source v i as the incident wave:
where z ∈ Π denotes the point source location, and
is the fundamental solution to the Helmholtz equation. Let the pairs {u
D∪B (x, z)} be the scattered field and its far-field pattern generated by D ∪ B corresponding to the incident field u i and v i , respectively. Then, by the linearity of direct scattering problem, the scattered field and the far-field pattern generated by D ∪ B and the incident wave
respectively. Under the above configurations, now we formulate the phaseless inverse scattering problems as follows.
Problem 2.2 (Phaseless inverse obstacle scattering with a reference ball).
Let D and B be, respectively, the impenetrable obstacle with boundary condition B and the sound-soft reference ball. Given the phaseless far field data
for a fixed wavenumber k > 0 and a fixed incident direction d 0 ∈ S 2 , determine the location and shape ∂D as well as the boundary condition B for the obstacle.
Problem 2.3 (Phaseless inverse medium scattering with a reference ball).
Let D and B be, respectively, the inhomogeneous medium with refractive index n D and the reference medium ball. Given the phaseless far field data
for a fixed wavenumber k > 0 and a fixed incident direction d 0 ∈ S 2 , determine n D .
We refer to Figure 2 for an illustration of the geometry setup of Problems 2.2 and 2.3. The uniqueness of these problems will be analyzed in the subsequent sections.
Inverse obstacle scattering
We are now in a position to present the main result on uniqueness in phaseless inverse obstacle scattering. The following theorem shows that Problem 2.2 admits a unique solution, i.e., the geometrical and physical information of the scatterer boundary can be simultaneously and uniquely determined from the modulus of far-field patterns.
Theorem 3.1. Let D 1 and D 2 be two obstacles with boundary conditions B 1 and B 2 , respectively. Given a fixed d 0 ∈ S 2 , the scattered field and its far-field pattern with respect to the incident field u i (x, d 0 ) and v i (x, z) are 
respectively. If the far-field patterns satisfy that
and |u
Proof. From (10), (11) and (12), we have for allx
where the overline denotes the complex conjugate. According to (10) and (11), we denote
By using s(x, z) ≡ 0 forx ∈ S 2 and z ∈ Π 1 , and its continuity, we know that there exist open sets S 1 ⊂ S 2 and Π 
Hence,
with some m ∈ Z. First, let us consider the case (14) . Since d 0 is fixed, we can define γ(x) := α 1 (x, d 0 ) − α 2 (x, d 0 ) − 2mπ forx ∈ S, and then, we have for all 
By the assumption of P that k 2 is not a Dirichlet eigenvalue of −∆ in P , we deduce w = 0 in P . Now, the analyticity of u s D j ∪B (x, d)(j = 1, 2) with respect to x leads to
By using the sound-soft boundary condition u
Hence, e iγ(−d) ≡ 1, and
Further, the reciprocity relation and the analyticity of u
2 implies that the far field patterns coincide, i.e.,
Next we are going to show that the case (15) does not hold. By using a similar argument, we have u
and its continuity, it follows that there exist open sets
, and by the same way, it can be deduced that there exist open sets
and using the definition of the far field pattern (see [7, Theorem 2 .6]), we obtain
and lim
which is a contradiction. Hence, the case (15) does not hold. Now, we go on considering (16) . By Theorem 5.6 in [7] , we have
and B 1 = B 2 , then from (4), we have that on a part of the boundary ∂D, denoted by Γ, the total field u = u 1 = u 2 satisfies two different boundary conditions, that is,
For the two cases, it is readily to see that u = ∂u/∂ν = 0 on Γ. By Holmgren's theorem [7, Theorem 2.3] and the boundary condition we obtain that u = 0 in R 3 \(D ∪ B). This leads to the contradiction that the incident field must satisfy the radiation condition. Hence, B 1 = B 2 .
Remark 3.1. The impossibility of (15) in the above proof could be justified alternatively. For example, by using a similar argument, we have u
Substituting this into the sound-soft boundary condition on ∂B, we see −e ikx·d = −e iη e −ikx·d , x ∈ ∂B, which is a contradiction. Therefore, the case (15) does not hold.
Remark 3.2. For inverse obstacle scattering problem in two dimensions, justifications of the uniqueness in Theorem 3.1 can be carried over in a similar way. In other words, by appropriate modifications of the fundamental solution and the radiation condition, an analogous assertion of uniqueness can be established in two dimensions. Remark 3.3. We would like to point out that the a similar result on uniqueness can also be obtained by using the superposition of a fixed point source and some point sources as the incident fields on the scattering system with the reference ball.
Inverse medium scattering
Now we present the uniqueness results concerning phaseless inverse medium scattering. 
If the far-field patterns satisfy that
and
Proof. Using the mixed reciprocity relation for inhomogeneous medium [24, Theorem 2.2.4] and following the same arguments in the proof of Theorem 3.1, we have
and for x ∈ ∂B, −d ∈ S,
From the fact that the total field
Now, for any φ satisfying the Helmholtz equation ∆φ + k 2 n 2 0 φ = 0 in B, by using Green's second theorem for ψ and φ, we have In the following, without loss of generality, let x 0 = (0, 0, 0) be the origin. By using n 0 = 1 and taking φ(x) = e ikn 0 x·d , we have 
It follows from (8) that |k(n 0 + 1)x · d| ≤ k(n 0 + 1)|x| < π/2 for |x| < R, and thus, cos(k(n 0 + 1)x · d) > 0 for |x| < R, which means This, together with (21), leads to e iγ(−d) = 1. Hence, by using again the reciprocity relation and the analyticity of u ∞ D j ∪B (−d, −x)(j = 1, 2) with respect to d ∈ S 2 , it follows that the far field patterns coincide, and in terms of [7, Theorem 10.5] , we obtain n D 1 = n D 2 . The proof is complete.
Conclusion
In this paper, we established some uniqueness results on inverse scattering problems for the Helmholtz equation with phaseless far-field data. The crux of our proof is the combination of the reference ball technique and the superposition of different incidence waves, which leads to the uniqueness on the general cases of obstacle scattering problems. We proved that the obstacle with its boundary condition can be uniquely determined by the modulus of far-field patterns. In fact, the reference ball and superposition of incident waves play the crucial role of calibrating the scattering system such that the translation invariance does not occur.
Based on the ideas in this paper, our future work consist in the uniqueness results of the phaseless inverse elastic scattering problems, as well as the development of effective inversion algorithms with phaseless data.
